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We consider a Coulomb potential plus a confinement potential Arν and we study which of the two
terms is dominant in the description of quarkonia. We find that in general the term of confinement is
dominant, which allows us to understand why such potentials, like Martin’s potential, are successful
in describing of heavy mesons.
PACS numbers:
I. INTRODUCTION
Currently, there is experimental evidence that hadrons
are bound states of quarks and gluons, whose interactions
are described through quantum chromodynamics (QCD).
This quantum field theory has a coupling constant that
shows both a perturbative and a non-perturbative region,
and it is precisely in the latter where several properties
of interest in Hadronic physics are found (which makes
its use difficult). This situation, together with motivat-
ing the development of techniques and tools that allow
the direct use of QCD in the study of hadrons such as
Lattice QCD (e.g.[1]) or the use of the Dyson Schwinger
equations to study hadrons (e.g.[2]), has also prompted
the development of phenomenological models, which, in-
spired by QCD, capture important properties of the inter-
action between quarks and gluons, and can thus perform
calculations of hadronic properties. Potential models be-
tween quarks [3-7], which have remained valid since the
mid-1970s, when the J/ψ was discovered (the first known
hadron with heavy quarks), when are applied to quarko-
nia, good results can be obtained from the use of the
Schro¨dinger equation together with a potential that de-
scribes the interaction between the heavy quarks that
make up the said hadron.
Based on QCD we can only have an idea of the be-
havior of the potential when the quarks are very close
and far away. When the quarks are close, we are in the
region where q2 is large, and therefore the coupling con-
stant is small, which allows us to use perturbation theory
to study the interaction between quarks considering only
the one gluon exchange, which allows a Coulomb poten-
tial to be extracted. At the other extreme, we have that
at low q2 the coupling constant becomes large, which pre-
vents the use of perturbation theory, and we can only say
that in this region the quarks are confined, but we have
no a way to access this part of the potential precisely
(although Lattice suggests a linear term). Thus we know
that a potential between quarks well motivated by QCD
must interpolate between a Coulomb potential at short
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distances and confinement potential at great distances,
for which several alternatives have been proposed (some
examples of this can be reviewed in [3–5]), with the sim-
plest (and that in general has yielded very good results)
being the one that considers the sum of both contribu-
tions.
As we just mentioned in the previous paragraph, a po-
tential well motivated by QCD to describe the interac-
tion between quarks is of the Coulomb form plus a con-
finement potential, where a habitual choice for this last
term considers some power of the distance between the
quarks; nevertheless many authors have considered only
the confinement part, and with power-law potential have
obtained good results in the study of quarkonia [8, 9].
This type of potential in the literature is usually referred
to as merely phenomenological without being well moti-
vated by QCD.
In this paper, we are interested in studying whether
potential between quarks that consider only con
nement should be considered as merely phenomenolog-
ical as they have been cataloged until now, or if they can
be considered the dominant part of well-motivated po-
tentials from QCD. For this we consider the ”Coulomb
plus power potential (CPPν)” used in [6, 7], which is of
the form V (r) = −α/r+Arν+V0; therefore the potential
used corresponds to a generalization of the Cornell po-
tential [10–12], which considers a linear type confinement.
For different values of ν we will calculate the spectrum
and decay constants of the charmonium, and analyze if
these models allow us to obtain good results by neglect-
ing the Coulomb part with and without readjusting the
parameters. On the other hand, we compare the aver-
age radius of the 1S states for the full potential with the
distance at which the confinement term is the dominant
one, thereby extending to several values of ν the crite-
rion used in [13, 14] to decide if the linear term can be
considered a disturbance in the Cornell potential.
Before concluding this introduction it is important to
mention a potential such as the one considered, which
has been associated with the exchange contribution of
one gluon and another that captures confinement effects,
corresponds to the static limit of the interaction between
quarks, and that is why in a more detailed description
of quarkonia through the use of potentials should con-
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2sider relativistic contributions (e.g. see [3–5]), some of
which are dependent on angular orbital momentum and
spin. Although they give small contributions, they allow
to better describe the spectrum, affording a more de-
tailed decription of the observed spectrum, and making
differences between states cc¯ scalar (η) and vector (J/ψ).
The work is structured as follow: In section II we
present the potential model used, we discuss the way
in which the parameters have been determined and we
present the results obtained for the masses and decay
constants for the base state and the first three radial ex-
citations of the charmonium. Section III is dedicated to
analyzing if the Coulomb part is greater than the con-
finement in full potential. Finally in section IV we dis-
cuss the results and analyze the values of ν for which
we obtain masses and decay constants close to the mea-
sures, and thus shed light on the possible values of ν in
the confinement potential, and if the latter alone can be
considered a good approximation for the full potential is
motivated by QCD or simply, as has been presented in
the literature, it is a purely phenomenological model.
II. NON-RELATIVISTIC TREATMENT FOR
SYSTEMS QQ¯
As we explained in the introduction, the potential
model we will use is the CPPν [6, 7], which we sum-
marize below for the study of the charmonium.
We consider a Hamiltonian given by
H = M +
p2
2m
+ V (r), (1)
where
M = mQ +mQ¯ y m =
mQmQ¯
mQ +mQ¯
, (2)
where mQ and m barQ correspond to the masses of the
quarks and antiquarks respectively, whose value through-
out this work is mc = 1.31 GeV ; p is the relative mo-
mentum of the quarks and V (r) is a potential quark -
antiquark of the form
V (r) = −αc
r
+Arν − V0. (3)
Here αc =
4
3αs, where αs is the strong coupling con-
stant. In this paper we use αc(cc¯) = 0.4; ν is an exponent
that we set in advance, which we have restricted to val-
ues between 0.1 and 2.5; and finally A is a parameter
of the potential that varies for each value of ν and is ad-
justed to produce a good fit to the values of the masses of
charmonium. In [6, 7] the authors consider an expression
obtained using the usual variational method, but in this
work we have decided to use the MATHEMATICA pro-
gram developed in [15] to solve the Schro¨dinger equation
and with this find values of A that reproduce values close
to the masses of J/ψ and radial excitations considered in
this work.
We have considered 6 possible families for the param-
eters A and V0. The first three families of parameters
examine the case V0 = 0, with A being the only param-
eter adjusted. For this case, which is summarized in Ta-
ble I, (CC) include the full potential, i.e., the Coulomb
part plus the confinement term; in the case (OC) the
Coulomb part has been discarded without modifying the
confinement part, i.e., the value of A obtained in column
CC is maintained; and finally the case (OCR) examine
only confinement again, but this time the A parameter
has been determined again for this potential. In each
case, the error in the calculation of masses obtained with
these parameters is presented. Table II shows the value
of the model parameters for the remaining three families,
where the same cases as Table I are include, but here V0
is determined together with A.
Figures I and II show the results of the masses and
decay constants of the first four radial excitations of the
charmonium for each value of ν considered.
III. ANALYSIS OF THE DOMINANT TERM IN
THE POTENTIAL
One of the aspects that we are interested in studying
is when the confinement part is larger than the Coulomb
part in the full potential. For this purpose we use for
each ν the criterion discussed in [13, 14] to know when
the linear confinement potential dominates the Coulomb
part in the Cornell potential, i.e., for each ν we look for
the r0 that satisfies −αcr0 +Arν0 = 0, which gives us a value
that marks the transition in which the Coulomb term is
greater than the confinement term in the potential (r <
r0) or when the confinement term is greater (r > r0).
Then we calculate the average r for the state 1S
(〈r〉1S), which corresponds to the average radius of the
more compact charmonium, and we compare it with the
r0 mentioned above, so we can get an idea of whether,
for each value of ν, in charmonium the confinement term
is greater or not than the Coulomb contribution.
Table III shows the values of r0 and 〈r〉1S for the cases
considered, and FIG. 3 shows these values for each value
of ν.
IV. DISCUSSION OF RESULTS
The main objective of this work was to analyze if heavy
quarkonia can be studied using only confining potentials,
understanding these as the dominant part of a potential
3ν CC OC OCR
A V0 Error A V0 Error A V0 Error
0.1 0.881 0 0.149 0.881 0 0.168 0.817 0 0.166
0.2 0.733 0 0.121 0.733 0 0.149 0.666 0 0.144
0.3 0.614 0 0.098 0.614 0 0.131 0.550 0 0.124
0.4 0.514 0 0.076 0.514 0 0.115 0.456 0 0.106
0.5 0.430 0 0.057 0.430 0 0.101 0.378 0 0.089
0.6 0.360 0 0.040 0.360 0 0.089 0.314 0 0.075
0.7 0.301 0 0.025 0.301 0 0.079 0.261 0 0.061
0.8 0.251 0 0.013 0.251 0 0.070 0.216 0 0.049
0.9 0.209 0 0.008 0.209 0 0.063 0.179 0 0.039
1.0 0.174 0 0.015 0.174 0 0.058 0.148 0 0.030
1.1 0.145 0 0.024 0.145 0 0.055 0.123 0 0.022
1.2 0.120 0 0.033 0.120 0 0.052 0.102 0 0.018
1.3 0.100 0 0.041 0.100 0 0.052 0.084 0 0.016
1.4 0.083 0 0.048 0.083 0 0.053 0.069 0 0.018
1.5 0.069 0 0.055 0.069 0 0.054 0.057 0 0.021
1.6 0.057 0 0.061 0.057 0 0.055 0.047 0 0.026
1.7 0.047 0 0.067 0.047 0 0.056 0.039 0 0.030
1.8 0.039 0 0.072 0.039 0 0.058 0.032 0 0.035
1.9 0.033 0 0.077 0.033 0 0.065 0.027 0 0.039
2.0 0.027 0 0.082 0.027 0 0.065 0.022 0 0.043
2.1 0.022 0 0.086 0.022 0 0.065 0.018 0 0.047
2.2 0.019 0 0.090 0.019 0 0.074 0.015 0 0.051
2.3 0.015 0 0.094 0.015 0 0.069 0.012 0 0.054
2.4 0.013 0 0.097 0.013 0 0.078 0.010 0 0.057
2.5 0.011 0 0.101 0.011 0 0.083 0.008 0 0.061
TABLE I. Parameters of the potential for the C charmonium next to the corresponding rms error obtained for the masses of the
four charmonia considered in this work for the case where V0 = 0. The CC and OC indices consider that said parameters were
obtained using a Coulomb potential plus confinement (CC), confinement only (OC) or confinement only a with readjustment
of parameters (OCR).
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FIG. 1. Masses and decay constants of charmonium for the different values of ν considered in this work when V0 = 0. The
continuous line corresponds to the experimental value of the masses for the considered states.
4ν CC OC OCR
A V0 Error A V0 Error A V0 Error
0.1 5.81 5.78 0.020 5.81 5.78 0.075 7.14 7.47 0.015
0.2 2.59 2.55 0.017 2.59 2.55 0.071 3.14 3.44 0.013
0.3 1.50 1.43 0.015 1.50 1.43 0.070 1.80 2.05 0.011
0.4 0.99 0.90 0.012 0.99 0.90 0.069 1.18 1.40 0.009
0.5 0.68 0.56 0.010 0.68 0.56 0.067 0.81 0.99 0.008
0.6 0.49 0.34 0.009 0.49 0.34 0.068 0.58 0.72 0.008
0.7 0.36 0.19 0.008 0.36 0.19 0.064 0.43 0.54 0.008
0.8 0.27 0.07 0.007 0.27 0.07 0.066 0.32 0.40 0.009
0.9 0.21 0.00 0.008 0.21 0.00 0.065 0.24 0.28 0.011
1.0 0.16 -0.07 0.009 0.16 -0.07 0.062 0.18 0.18 0.012
1.1 0.12 -0.15 0.010 0.12 -0.15 0.063 0.14 0.11 0.013
1.2 0.10 -0.16 0.012 0.10 -0.16 0.064 0.11 0.07 0.014
1.3 0.07 -0.26 0.014 0.07 -0.26 0.064 0.09 0.05 0.017
1.4 0.06 -0.25 0.014 0.06 -0.25 0.064 0.07 0.00 0.018
1.5 0.05 -0.25 0.017 0.05 -0.25 0.063 0.05 -0.09 0.019
1.6 0.04 -0.27 0.019 0.04 -0.27 0.063 0.04 -0.11 0.020
1.7 0.03 -0.32 0.018 0.03 -0.32 0.063 0.03 -0.16 0.022
1.8 0.02 -0.41 0.022 0.02 -0.41 0.065 0.03 -0.07 0.027
1.9 0.02 -0.33 0.022 0.02 -0.33 0.062 0.02 -0.18 0.022
2.0 0.01 -0.51 0.037 0.01 -0.51 0.069 0.02 -0.09 0.032
2.1 0.01 -0.45 0.025 0.01 -0.45 0.064 0.01 -0.31 0.032
2.2 0.01 -0.39 0.024 0.01 -0.39 0.065 0.01 -0.23 0.025
2.3 0.01 -0.32 0.037 0.01 -0.32 0.070 0.01 -0.16 0.033
2.4 0.01 -0.24 0.056 0.01 -0.24 0.080 0.01 -0.08 0.050
2.5 0.01 -0.17 0.078 0.01 -0.17 0.098 0.01 0.01 0.071
TABLE II. Parameters of the potential for the charmonium next to the corresponding rms error obtained for the masses of the
four charmonia considered in this work for the case where V0 6= 0. The CC and OC indices consider that these parameters
were obtained considering a Coulomb potential plus confinement (CC), confinement only (OC) or confinement only with a
readjustment of parameters (OCR).
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FIG. 2. Masses and decay constants of charmonia for the different values of ν considered in this work when V0 is adjusted.
The continuous line corresponds to the experimental value of the masses for the considered states.
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FIG. 3. Comparison between r0 and 〈r〉1S for each value of ν in cases V0 = 0 and V0 6= 0, of according to the results of table
III.
ν V0 = 0 V0 6= 0
r0 〈r〉1S r0 〈r〉1S
0.1 0.49 3.44 0.09 1.82
0.2 0.60 2.87 0.21 1.86
0.3 0.72 2.59 0.36 1.91
0.4 0.83 2.42 0.52 1.95
0.5 0.95 2.32 0.70 2.01
0.6 1.07 2.26 0.88 2.05
0.7 1.18 2.21 1.06 2.10
0.8 1.30 2.19 1.24 2.14
0.9 1.41 2.17 1.40 2.17
1.0 1.52 2.17 1.58 2.22
1.1 1.62 2.16 1.77 2.28
1.2 1.73 2.17 1.88 2.27
1.3 1.83 2.17 2.13 2.38
1.4 1.93 2.18 2.20 2.36
1.5 2.02 2.19 2.30 2.37
1.6 2.12 2.21 2.42 2.40
1.7 2.21 2.22 2.61 2.46
1.8 2.30 2.24 2.92 2.59
1.9 2.36 2.24 2.81 2.49
2.0 2.46 2.26 3.42 2.77
2.1 2.55 2.29 3.29 2.68
2.2 2.59 2.28 3.17 2.59
2.3 2.70 2.32 3.06 2.51
2.4 2.74 2.31 2.96 2.43
2.5 2.79 2.32 2.87 2.36
TABLE III. r0 and 〈r〉1S values for quarkonia considered in
this work.
well motivated by QCD that contains a Coulomb con-
tribution due to the exchange of a gluon plus a confine-
ment part. For this we have considered the ”Coulomb
plus power potential (CPPν)” used in [6, 7], which is of
the form V (r) = −αcr + Arν − V0, where on this occa-
sion we have considered values of ν ranging from 0.1 to
2.5 in steps of 0.1, and the parameters were determined
considering on the one hand that V0 = 0 and that the
only free parameter was A, and on the other that both
V0 and A should be determined in order to obtain a good
fit for the masses of the charmonium. In both cases, it
was studied when the confinement term was greater than
the contribution of the Coulomb part, a value that was
compared to the average radius of the base state, which
was suggested in [13, 14] for Cornell’s potential it gives
us an idea of when the confinement dominates over the
Coulomb part. Figure 3 and Table III show the results
for r0 and 〈r〉1S , and show that for the chosen set of
parameters the confinement term delivers a contribution
equal to or greater than that of the part of Coulomb when
ν < 1.5, both for the case V0 = 0 and V0 6= 0.
We have calculated the masses and constants of de-
cay of J/Ψ and its first radial excitations considering
the following cases: on the one hand the full potential
(called CC), neglecting the Coulomb part without vary-
ing A (OC) and determining again the value of A (OCR).
Figures 1 and 2 and Tables I and II show the results ob-
tained in each case, and show that for the case V0 = 0 the
best masses are obtained when ν ∼ 1.0, and for the case
V0 6= 0 a good description of the spectrum is possible for
values of ν ranging between 0.1 and 2.0, while the results
for the decay constants are poor in both cases, although
it can be seen that for low values of ν when V0 6= 0 the
simultaneous description of the observables that interest
us in this work is better.
It is important to remember that at present it is known
that a potential that aspires to describe mesons with
heavy quarks appropriately must include corrections to
the dominant part that we have considered here, be-
cause by introducing interactions between the spin of the
quarks it is possible to differentiate between the spectrum
of scalar and vector mesons. Moreover,such corrections
modify the behavior of the wave function at the origin,
which allows the calculations of decay constants to be
significantly improved, while the mass spectrum under-
6goes changes that do not move as far from the spectrum
obtained with the dominant contribution that the CPPν
model delivers.
From the above, particularly if we restrict ourselves to
the results for the mass spectrum, we can see that for
the case when V0 6= 0, the potentials that only consider
power law type confinement with indices less than 1.5
can be considered as the dominant contribution in a well-
motivated potential of QCD, i.e., potentials that consider
contributions from the exchange of a gluon plus confine-
ment, and shed light on why potentials like Martin’s are
successful at describing properties of mesons formed by
heavy quarks.
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